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The aim of this poster 1s to give a short introduction to
‘1 Hopf-Galois Structures (2) Skew Braces and (3, (4’ their Relationship

5) Skew Braces and (7) Hopf-Galois Structures Classification J

'6) Automorphism Groups of Skew Braces and Examples
Skew Braces of Semi-direct Product Type |

For simplicity we assume L/K is a Galois extension of fields with
Galois group G.

‘1 Hopf-Galois structures

A Hopf-Galois structure on L/K consists of a finite dimensional
cocommutative K-Hopf algebra H together with an action on L which
makes L into an H-Galois extension.

Hopf-Galois Structures: Example, History, and Applications
o The group algebra K |G| endows L/K with the classical Hopf-Galois

structure. In general there may be more than one Hopt-Galois
structure on L/K.

o Hopt-Galois theory for inseparable extensions of fields was
introduced by Chase & Sweedler in 1969 in order to generalised the
classical Galois theory.

o Hopt-Galois extensions have applications in Galois module theory.

o They can be studied 1n algebro geometric settings: affine group
scheme torsors over Spec (K).

o Finally, they are connected to skew braces, and hence to the
set-theoretic solutions of the quantum Yang-Baxter equation.

How to find all Hopf-Galois structures on L/K?

Theorem (Greither and Pareigis)
Hopf-Galois structures on L/K correspond bijectively to regular

subgroups of Perm (G) which are normalised by the image of G, as left
translations, inside Perm (G).

Every K-Hopf algebra which endows L/K with a Hopf-Galois structure
is of the form L [N]“ for some regular subgroup N C Perm (G)
normalised by the left translations.

Notation: The isomorphism type of N 1s known as the type of the
Hopit-Galois structure.

Skew Braces
a (left) skew brace is a triple (B, @, ®) which consists of a set B together

with two operations @ and ® such that (B, @) and (B, ®) are groups
(neither necessarily abelian), and the two operations are related by the
skew brace property:

a®bdc)=(aGb)oa® (a®c) foreverya,b,c € B,

where Sa 1s the inverse of a with respect to the operation .

Braces were introduced by Rump in 2007. Many properties of braces
were 1nvestigated by Bachiller, Cedo, Jespers, Okninski et al.

Skew braces, as a generalisation of braces, and their connections to other
areas, were studied by Byott, Guarnieri, Smoktunowicz, and Vendramin.

(B, @, ®) such

Notation: We call a G-skew brace of type N a skew brace
that (B,®) = N and (B,®) = G.

Skew Braces of Order p° for p > 3

The number of G-skew braces of type N, e (G, N), is given by

e¢(G,N) CpCpxC,C; CoxC, CpxC,

C)3 3 - - - -

sz X Cpl- |9 - - 4p 4 1

C; - - S 2p + 1 -

Cl%NCp— - 20+ 12p> —p —3 -

CoxCp- 4p+1 - - 4p* —3p — 1
Note e (G,N) =¢ (N, G).

Skew Braces of Semi-direct Product Type

How general 1s this pattern?

Let P and Q be groups, o, 8 : Q — Aut (P) group homomorphisms
such that Im ( is an abelian group, and |[Im «, Im 5] = 1. We can
simultaneously form a (P X, Q)-skew brace of type P X3 Q and a

(P »3 Q°P)-skew brace of type P x,, Q.
Is this true for more general extensions of groups?
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The number of Hopf-Galois structures on L/K of type N, e (G, N), is
| given by
e(G,N) C CprxC, C, C; % G, Cp % C,
Cp3 p2 - - - -
CpxCp- (2p—1)p° - - 2p — 1)(p — 1)p*
G, il (p*+p> = 1)p” (p° = 1)(p* +p— 1)p* -
CoxGCpl- |- pP*+p—1p* (2p° =3p*+1)p* -
Cp 2 Cy- (2p—1)p° - - 2p — 1)(p — 1)p*
) Aut (G)
Note p° | e (G,N) and e (G,N) = Aut (N)e(N, G).

'3 From Hopf-Galois Structures to Skew Braces

o Suppose H endows L/K with a Hopf-Galois structure.

o Then H = L [N]® for some N C Perm (G) which is a regular
subgroup normalised by the left translations.

@ The subgroup N 1s a regular implies that we have a bijection
» N — G
n——n-lg.

o Set (B,®) = N and define a new group operation by

n ©ny = ¢_1 (¢ (nl) 0, (nz)) forni,n, € N.

@ The subgroup N 1s normalised by the left translations implies that
(B, ®, ®) is a G-skew brace of type N corresponding to H.

‘4 From Skew Braces to Hopf-Galois Structures

o Suppose (B, @, ®) is a G-skew brace of type N.
@ The map
d: (B,&) — Perm (B, ®)
a— (d,: b— a®b)
1s a regular embedding.
@ The skew brace property implies that for all a,b,c € B

b (da (b7 ®¢)) =dpoaeny(c) ie, bdb™' = dpowes

o Thus L[(B, ®)]'®® endows L/K with a Hopf-Galois structure
corresponding to the skew brace (B, @, ®).

&l Problem

The group Perm (G) can be large.

5 Classifying Skew Braces: working with holomorphs
For a skew brace (B, &, ®) the map

m: (B, ®) — Hol (B, ®)
a— (my, :b— a@®b)

isa regular embedding, where Hol (B, ®) = (B, ®) x Aut (B, ®). For
f:(B,®,®1) — (B, ®,®;) an isomorphism of skew braces, we have

i

(B, ®1) ¢ > Hol (B, @)

zlf Zin

(B, ®;) ——— Hol (B, ®)

Cr 1s conjugation by f.

Classitying Skew Braces
To find the non-1somorphic G-skew braces of type N for a fixed N,

classify elements of the set {H C Hol (N) | H is regular, H = G}, and
extract a maximal subset whose elements are not conjugate by any
element of Aut (N).

‘6 Upshot: Automorphism Groups of Skew Braces

~ We find Autg, (B,®,®) = {a € Aut(B,®) | a(Imm) o' CImm} .

il Example (Skew Braces of C» = <0 | o = 1> type forp > 2 andn > 1)

Hol (C,») = (o) x (B,~) with 8 (¢) = o”"!. Then the trivial skew brace
is (o), and the nontrivial skew braces are given by

(08™) = Cpp with Auts, ((0f")) = (#""") form =0,..,n~2.

7 Finding Hopf-Galois Structures

Denote by By, the isomorphism class of a G-skew brace of type N given
by (B, ®, ®). Then the number of Hopf-Galois structures on L/K of
type N 1s given by

Aut (G))]
Auts, (BY)]

N
BG

Hopf-Galois Structures of Order p> for p > 3
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